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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

» .
2. Attempt any two r%{& from-each question.
S
N
S
1. (a) Let (X, d) be a.metric space. Show that (X, d”) is
a metric-space where

d*(x,y) = min{l, d(x,y)}, Vx, y € X. (6)

(b) (i) Let (X,d) be a metric space. Let (x ) and
(y,) be sequences in X such that R
converges to x and (y ) converges to y. Prove
that d(x_, y,) converges to d(x,y). (2)
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(i) Prove that if a Cauchy sequence of points in
a metric space (X, d) contains a convergent
subsequence, then the sequence converges
to the same limit as the subsequence. (4)

(¢) (i) Let X =N, the set of natural numbers. Define

; m, ne X. Show that

1 1
d(m,n) = |-———
m n
(X, d) is an incomplete metric space.  (4)

(ii) Is the metric space (X, d) of the set-X of
rational numbers with usual metric ' d a

complete metric space? Justify, (2)

2. (a) (i) Define an open set in a _metric space (X, d).
Show that every open ball in (X,d) is an
open set. I the (converse true? Justify.

S
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(ii) Le&@x, r) be an open ball in a metric space
(ﬁ, d). Let. A be a subset of X such that
diameter of A, d(A) <rand S(x,1) N A # @.
Show that A < S(x, 2r). (2)

(b) Let (X,d) be a metric space and A, and A, be

subsets of X. Prove that (A, UA,)=A,UA,. Is

the closure of the union of an arbitrary family of
the subsets of X equal to the union of the closures
of the members of the family? Justify. (6)
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(c) Prove that a subspace of a complete metric space
is complete if and only if it is closed. (6)

3. (a) Let (X, dy) and (Y, dy) be two metric spaces.
Show that a mapping f: X — Y is continuous if
and only if for every subset F of Y, (f'(F))° o
=B, (6)

(b) (i) Let (X, d) be a metric space and A be a non-
empty subset of X. Let f(x) = d(x, A) = inf
{d(x, a), ae A}, x € X. Show that f is
uniformly continuous over X. 4)

(ii) Is a continuous function over a metric space
always uniformly continuous? Justify.  (2)

(c) Let (X, d) be a metric space and .f:'X — R® be
a function defined by f(x) = (f{(x), f,(x) ... f (x)),
where f: X — «{3< k(<-n,is a function. Show
that f is contir@%ﬂs on. X if and only if for each

. D0
k, f, is con@ous on X. (6)
N
4. (a) Define homeomorphism between two metric
spaces. Show that the image of a complete metric
space under homeomorphism need not be
complete. (6.5)

(b) Let d, and d, be two metrics on a non-empty set
X. Show that d, and d, are equivalent if and only
if the identity mapping I: (X, d)) = (X,dy) is
homeomorphism. (6.5)
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(c) Let T: X — X be a contraction of a complete
metric space (X, d). Show that T has a unique

fixed point. (6.5)

5. (a) Show that the subset A  R?, where (6.5)

A= {(x,y) € R?: x? — y*> 2 9} is disconnected.

(b) Let I = [-1,1] and let f: I — I be continuous,
then show that there exists a point ¢ € I such that
f(c) = c. Discuss the result if I = [-1,1).

(4+2.5)

(c) Let (X, dy) be a connected metric space and f be
a continuous mapping from (X, d,) onto (Y, dy).
Prove that (Y, d,) is also connected. Does there
exist an onto continuous map g: [0,1] — [2,3] U

[4, 5]? Justify your answer. (6.5)
§<®
Q- L. ;
6. (a) Let f be @ntmuous function from a compact

metric @%ce (X;dy) to a metric space (Y, d),
then p?ove that f is uniformly continuous on X.
(6.5)
(b) Let (X, d) be a metric space and Y be a compact
subset of (X, d). Then prove that Y is closed and
bounded. Give an example of a closed and bounded
subset of a metric space which fails to be compact.
(4+2.5)
(c) State finite intersection property. Show by using
the finite intersection property that (R, d) with
usual metric is not compact. (2+4.5)
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